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Near-Field Wing-Tip Vortices and Exponential Vortex Solution
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Vortices shed from the tip of a rectangular half-span wing model (NACA 0012) have been investigated with
particle image velocimetry at a chord Reynolds number between 3.4 x 10* and 26.6 x 10* and angles of attack
a=8 and 16 deg over 0.2 ~ 5 chord lengths downstream of the model. It has been found that the measured wing-tip
vortex shows little dependence in the circumferential velocity vg and vorticity €2, when normalized by their local
maximum, on «, Reynolds number, and downstream distance from the wing. Furthermore, the radial distributions
of vg and €2 coincide quite well with the exponential vortex solution, with only a slight departure outside the core

region.

Nomenclature
c = chord length of the wing
N = number of the captured particle image

velocimetry images
Re = Reynolds number (=Uc/v)
r = radius from the tip vortex center
Te = core radius of the tip vortex
Uy = freestream velocity
v, = radial velocity
Vg = circumferential velocity
Vomax = Mmaximum circumferential velocity
X,y,z = coordinates in the streamwise, lateral, and spanwise
directions, respectively

o = angle of attack
r = vortex circulation
I. = circulation within the vortex core
Iy = initial circulation of the exponential vortex solution
0 = azimuthal location
v = kinematic viscosity of the air
w = vorticity
Wmix = Mmaximum vorticity at the vortex center
o = initial vorticity of the exponential vortex solution

Introduction

IP vortices are present in the wake of lifting wings and are

responsible for many adverse phenomena, such as the hazard
of a large aircraft posed to the following smaller aircraft and the
noise created by vortex interactions between neighboring blades of
a helicopter rotor. They have been the subject of extensive research
for many decades'~ but less so in the past decade for reasons such
as the perceived lack of urgency. It is clear, however, that airport
capacity will be insufficient in the coming years, as witnessed by
discussions of new runways in Hong Kong and in the south east of
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England, so that new attempts to understand and control tip vortices
are required.

Vortices are generated from the tip of lifting wings and roll up as
they are transported downstream. Their downstream evolution may
be divided into three stages, that is, rollup (<20 spans), vortex re-
gion (200 spans), and decay (>500 spans).® The near-field behavior
of the vortices is important because manipulation has to begin with
the wing or wait for the Crow® instability, which generally requires
very large distances to have an effect. Some studies of the near field
of wing-tip vortices are described in Refs. 10-14. Chow et al.,'”
for example, examined the rollup process of wing-tip vortices in
the very near wake, up to x/c =0.678 (where x is the downstream
distance from the trailing edge), in terms of the mean flowfield and
Reynolds stress tensor. They found that the axial velocity in the vor-
tex core reached 1.77 times the freestream velocity just upstream
of the trailing edge and turbulence levels in and around the vortex
were initially very large but decayed rapidly. Shekarriz et al.!! found
that the rollup of the tip vortex was completed almost immediately
downstream of the trailing edge of the wing (x/c < 1) and that the
overall circulation of this vortex remained nearly constant through-
out the range 0 < x /¢ < 6.7. Smith'* measured with a particle image
velocimeter and found rapid formation of the tip vortex with 50%
of circulation in the wake residing within the vortex core at the trail-
ing edge. However, the subsequent rollup of the trailing-edge shear
layer occurred at a much slower rate, and the wake could not be
regarded as fully rolled up even at 10c downstream of the wing.

Flow velocity has usually been measured by pressure probe, hot-
wire probe, and laser-Doppler anemometry, which may enable three-
dimensional aspects and statistical information to be examined at se-
quential single locations. Particle-image velocimetry (PIV) provides
an alternative in which the flowfield can be visualized and quantified
in terms of instantaneous images of the velocity field with sequen-
tial images separated by less than a second so that averages can be
assembled in relatively short periods. Bearman and Hogan'® used
PIV in a laboratory wind tunnel to capture the streamwise vortical
structure behind a delta wing, and Huenecke and Huenecke'¢ used
itin a large-scale production wind tunnel with considerable success.
Nevertheless, there has been limited application to the study of the
details of vortices,'” which provides a motivation for the present
study.

The exponential vortex solution or Lamb—Oseen vortex has been
used to model vortical structures in a turbulent flow (see Ref. 18), for
example, by Davies'® in the planar near wake of a D-shape cylinder,
by Oler and Goldschmidt® in the self-preserving region of a plane
jet, and by Bisset et al.?! in the self-preserving far wake of a circular
cylinder. The direct numerical simulations of a turbulent boundary
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layer of Robinson?? showed that quasi-streamwise vortices near the
wall resemble Lamb—Oseen vortices. It would be interesting to see
whether the exponential vortex solution could be used to model the
wing-tip vortex.

The paper is organized as follows. The measurement technique
and experimental details are given in the following section. In the
“Results and Discussions,” section, the measurement results of the
near-field wing-tip vortices and a comparison between the exponen-
tial vortex solution and the measured wing-tip vortices are presented.
The work is concluded in Conclusions.

Experimental Details

Experiments were carried out in a closed-loop low-speed wind
tunnel with a square working section (0.6 x 0.6 m) and length of
2.4 m (Ref. 23). The freestream velocity in the working section is up
to 50 m/s. A half-span, rectangular plane airfoil (NACA 0012) with
a chord of 0.25 m and a span of 0.4 m was mounted horizontally
in the test section with its leading edge 0.2 m downstream from
the tunnel contraction (Fig. 1). Measurements were performed at
U =2.0~15.6m/s(Re=3.4~26.6 x 10*) anda =8 and 16 deg,
respectively. In this wind-speed range, the turbulence intensity is less
than 0.2% in the working section.

The PIV measurements made use of acommercial system (Dantec
2100) and a smoke generator (Teknova, Model RG 100) with paraf-
fin oil to produce droplets of around 1 ym in diameter. The flow was
illuminated in a plane (about 3 mm in thickness) perpendicular to
the main flowstream by double-pulsed YAG laser (NewWave) at a
wavelength of 532 nm, with a maximum energy output of 120 mJ. A
plane mirror (height times width = 0.3 x 0.15 m) was placed down-
stream of the light sheet plane at a distance of about 2¢ from the
laser sheet so that the image on the light sheet could be projected out
of the test section and captured by a charge-coupled device camera
(HiSense Type 13, 1280 x 1024 pixels). Note that the mirror will
produce, as a large blunt object, eddies that may influence not only
the downstream flow but also the upstream, including the wing-tip
vortex behaviors. This effect was assessed by examining the PIV
data obtained at various distances between the laser sheet and the
mirror. It has been found that, once the distance exceeded 2c, the
influence was less than 5% on the scattering of vortex centers and
less than 2% on the maximum vortcity. We have also conducted a
test by putting the camera (which is considerably smaller in size
than the mirror), instead of the mirror, into the wind tunnel when
capturing the PIV images, but found no difference in the experi-
mental results. It may be concluded that the unsteadiness due to the
mirror is negligibly small.

A Dantec FlowMap Processor synchronized image taking
and illumination. Each image covered a view area typically of
135 x 106 mm. The image processing involved rectangular inter-
rogation areas, each including 32 pixels with a 25% overlap area
in both the horizontal and vertical directions. The horizontal and
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Fig. 1 Schematic of experimental setup.

vertical image magnifications were identical, at 0.1 mm/pixel and a
typical spatial resolution for vorticity estimate was about 2.60 mm or
0.01c. Each laser pulse lasted for 0.01 us, and the interval between
successive pulses varied from 100 to 20 us for freestream velocities
from 2.0 to 15.6 m/s. Thus, a particle would travel 0.2—-0.3 mm (2-3
pixels) between exposures. Because the span of the wing is 0.4 m,
1.6¢, the measured tip vortex radius is in the order of 0.1-0.2¢, much
smaller than 1.6¢. Furthermore, the boundary layer of the wall is in
the order of 10 mm or 0.04c, very thin compared with the span. It
is believed that the wall effect on the wake concerned is negligibly
small. Therefore, no correction was made on the measured data.

Results and Discussion

Characteristics of the Tip Vortex

Preliminary tests indicated that leading-edge flow separation from
the airfoil began with o of about 14 deg at the present Reynolds
numbers, and it is known from Huang and Lin?* that separation
from the same type of airfoil began at 12 deg with a Reynolds
number of about 8 x 10*. The data presented focus on & =8 and
16 deg, which represent the cases with and without leading-edge
separation, respectively. Figure 2 shows typical photographs of the
tip vortex visualized at x/c=3. At both « values, some smaller-
scale secondary structures are discernable, as previously observed
by Francis and Katz'® and Yeung and Lee.!” Note that the two images
were obtained in the same plane using an identical camera setup.
Apparently, the tip vortex at o = 16 deg is markedly larger.

The tip vortex varies in shape, center position, and strength from
one image to another and cannot be well characterized by one
image. Thus, the averaged circumferential velocity and vorticity
distributions with respect to the tip vortex center were calculated
based on 100 images. For instance, the circumferential velocity was

b)

Fig. 2 Flow visualization images of tip vortices at x/c=3 and Re=
7.6 X 10%: a) =8 deg and b) o =16 deg.
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Fig. 3 Averaged circumferential velocity of tip vortices, vo/U, at
x/c=3 and Re=7.6 x 10*,

calculated as
100 &

1
v () = Toor Z ; Ui (3, Dy 22

where k is the number of points for each radius, r =/ (> +22).
Figure 3 shows the circumferential velocity distributions at x /¢ = 3.
Define the core radius r.. of the tip vortex as that where the maximum
circumferential velocity vy max Occurs. The normalized value r. /c is
about 0.05 for « =8 deg and 0.06 for o« =16 deg. The tip vortex
core grew with «, though not by a great deal, which is in agreement
with the flow visualizations (Fig. 2). On the other hand, vy max/Uco
increases from about 0.37 to 0.44 as « changes from 8 to 16 deg.
The tip vortex measured at x /¢ > 3 behaves in a similar way to that
at x/c =3 and is not shown. Accordingly, the maximum vorticity,
WmaxC/ U, and circulation, I'/ U . ¢ (Where the tip vortex circulation

I" was estimated by
r= / wdA

A

where A is an area, over which the magnitude of w exceeds 2% of
that at the vortex center, grow from 21 and 0.2 to 25 and 0.26, respec-
tively. This indicates considerably stronger vortices at « = 16 deg
than at o = 8 deg.

Comparison Between Measured Tip Vortex
and Exponential Vortex Solution

Exponential vortex solution is an exact solution to the Navier—
Stokes equations (see Ref. 25). The circumferential velocity v, is
defined by

vy = (To/2mr)[1 —exp (—r* [r7)] 1)
Because v, is zero, the vorticity is given by
vy 1 dv, Vg r?
= — = - — _— = _— 2
@ or roor + r @0 exp< r2 @

where wy=To/7r2.

The circumferential velocity distributions, at x /¢ = 3, normalized
by the maximum circumferential velocity vy . and vortex core
radius r., and that of the exponential vortex solution are presented
in Fig. 4. The measured vy /vy max at different Reynolds numbers
agrees quite well with that of the exponential vortex solution for
r/r. <2 in both « =8 (Fig. 4a) and o = 16 deg (Fig. 4b), and a
departure is appreciable only for r/r. > 2. Note that the Reynolds
number virtually does not affect the measured vy /vy max Within the
core of the tip vortex and its effect on vy /vg max 1S only discernible
outside the core.

Figure 5 shows the vy /vg max distributions at various downstream
stations. At o = 8 deg (Fig. 5a), vy /vs.max agrees well with the expo-
nential vortex solution within the vortex core, and good agreement
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VO/VO, max

b)

Fig. 4 Averaged circumferential velocity vg/vg max vs radius r/r. at
different Reynolds numbers, at x/c = 3.
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Fig. 5 Averaged circumferential velocity vg/vg max Vs radius r/r. at
different streamwise locations, Re =7.6 x 10%.

was found even outside the core at x /c = 0.2 ~ 1, where the tip vor-
tex is developing and the viscous effect dominates. Note that the
vorticity at the vortex center reaches its maximum at x/c~ 1 for
o =8 deg and at x/c~ 3 for « =16 deg. Thus, it is assumed that
the vortices are developed beyond these distances. At x/c =3, 4, or
5, the vy /vy max distributions exhibit a slight deviation at r/r. > 1
from the exponential vortex solution. At o« = 16 deg (Fig. 5b), the
measured vy/vp max distributions also agree reasonably well with
the exponential vortex solution. (The data at x/c =0.2 were not
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Fig. 6 Vorticity distributions €2(r) in radial direction at different
Reynolds numbers, x/c =3.

included; it was difficult to capture the tip vortex at this downstream
location.) The deviation becomes significant only at x/c =5. This
is probably because the tip vortices grow less coherent at larger x /c.

Vorticity within the tip vortex is not axisymmetrical about the
center and varies with 6 even at the same radius. To estimate the
dependence of w on r, the mean vorticity at a radius r from the
vortex center is defined by

1 2w
Q)= —/ w(r,0)do, 0<r=<ry (3
2 J,

where r,, is the maximum radius at which o drops to 2% of that at
the vortex center.

Figure 6 shows a comparison of Q(r)/ 2o at x/c =3 for dif-
ferent Reynolds numbers with the exponential vortex solution,
where Q¢ = (0) = w(0). At all of the Reynolds numbers, the mea-
sured 2(r)/ 2o coincides with that of the exponential vortex solu-
tion, regardless of whether the flow around the wing is separated
(¢ =16 deg, Fig. 6b) or not (o« =8 deg, Fig. 6a). The measured
Q(r)/ Qo at other x /c values is also in excellent agreement with the
exponential vortex solution for « =8 deg (Fig. 7a), but displays a
slight deviation at 7 /r. > 1 for « = 16 deg (Fig. 7b).

The circulation I'. within the vortex core may be estimated based
on w and r.. I';/ T is about 0.66 at « =8 deg for the range of
Reynolds number investigated and grows gradually from 0.63 to
0.65 at o = 16 deg as Reynolds number increases from 3.4 x 10* to
26.6 x 10*. For the exponential vortex solution (laminar), I'./ T is
about 0.72. It is likely that the effect of turbulence leads to the lower
measured I'./T.

The exponential vortex solution has been used with some success
to model vortical structures in the wake, jet, and boundary-layer
flows, where the boundary conditions are different from those used
to generate the exponential vortex solution. Such a model, though
simple and not representative of the real flows, does reproduce the
mean velocity and Reynolds stresses reasonably well for these flows.
The tip vortices should not agree well with the exponential solution
because the vortices are not isolated nor fully developed, and they
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Fig. 7 Vorticity distributions Q(r) in radial direction, Re =7.6 x 104,

are not produced by a concentrated line vortex, etc. However, the
present results do show agreement between the measured tip vortices
and the exponential vortex solution; the deviation outside the core
region, as expected, is probably due to turbulent diffusion. This
agreement suggests a potential use of the exponential vortex solution
for numerical modeling of the wing-tip vortex.

Conclusions

The near-field tip vortices (x/c <5) generated by a rectangular
NACA 0012 half-span wing model have been measured with PIV.
The measured tip vortex was compared with the exponential vortex
solution. The investigation leads to the following conclusions.

1) The tip vortex formation was intensified as the angle of attack
o was increased from 8 deg without leading-edge flow separation
to 16 deg with separation. In general, increase in angle of attack led
to a larger and stronger tip vortex, as quantified by its increasing
maximum streamwise vorticity and circumferential velocity. The
circulation I'/ U of the tip vortex is about 0.2 at o« =8 deg and
grows to 0.26 at @ = 16 deg at Re =7.6 x 10*.

2) The wing-tip vortex shows little dependence in the circum-
ferential velocity (vy/vs.max) and streamwise vorticity [€2(r)/ 2],
when normalized by their local maximum, on the angle of attack,
Reynolds number, and downstream distance from the wing. The
exponential vortex solution describes reasonably well the wing-tip
vortex in terms of the radial distributions of vg /vg max and 2 (r)/ 2.
There is a slight departure outside the core region, probably due to
the effect of turbulent diffusions, which cannot be modeled by the
exponential vortex solution. Further note that, once the tip vortex is
developed, the ratio (I'./ I') of circulation in the core region to that
of the total circulation is 0.63-0.66 (which value is slightly greater
for the attached flow at « = 8 deg than the separated at @ = 16 deg),
close to that (0.72) of the exponential vortex solution. Again, the
turbulence effect probably contributes to the lower I'./I' in the
measured tip vortex than the exponential vortex solution.
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